We study the occurrence of ground-state factorization in dimerized XY spin chains in a transverse field. Together with the usual ferromagnetic and antiferromagnetic regimes, a third case emerges, with no analogous in translationally-invariant systems, consisting of an antiferromagnetic Neél-type ground state where pairs of spins represent the unitary cell. Then, we calculate the exact solution of the model and show that the factorizing field represent an accidental degeneracy point of the Hamiltonian. Finally, we extend the study of the existence of ground-state factorization to a more general class of models.
Moreover, critical properties of physical systems are discussed by taking the thermodynamic limit from the beginning. On the other hand, the knowledge of a finitesize solution clarifies important aspects of this limit. For example, it is known that the quantum phase diagram of the XY chain in a transverse field exhibits two different symmetry-broken regions characterized by different behaviors of two-body correlation functions. This dissimilarity has a microscopic origin easily understood in the finite-size case. Besides these considerations, the study of finite systems is relevant by itself for the realization of mesoscopic qubits of contemporary interest.
In this Rapid Communication we discuss a finitesize dimerized XY spin chain in a transverse field, and analyze ground-state properties. The interest about such system, belonging to a more general class of models, 13, 14, 15 is motivated by experimental work on quasicrystals and quasiperiodic superlattices. 16, 17 First of all, we show that the model admits the existence of a factorized ground state, and then discuss the exact solution. The factorizing field turns out to be an accidental degeneracy point of the Hamiltonian and falls on a border surface between two regions that, in the thermodynamic limit, are characterized by different symmetry-breaking mechanisms. Furthermore, we will be able to detect the conditions for the existence of ground-state factorization also in a more general class of dimerized chains which are the generalization of the model discussed in Ref.
12 . We start our discussion by considering a nearestneighbor dimerized chain of an even number N of spin 1/2:
with σ α N +1 = σ α 1 , being σ α l the αth Pauli matrix (α = x, y, z). Without loss of generality, we will limit the analysis to positive fields. The Hamiltonian of Eq. (1) can be recast in the form of a sum over two-body Hamiltonians
with h 1 and h 2 such that
l is the invariance under rotations of π around the z axis. This is formalized by the vanishing of the commutator [H
is the parity operator, since its eigenvalues are +1 or −1, according to the number of down spins in the z direction being even or odd. The above commutation relation then requires also the eigenstates of H (i) l to have definite parity. The problem is to establish whether there exists a set of the Hamiltonian parameters such that the ground state is of the form |Ψ = ⊗ l |ψ l . Notice that, if this is the case, as remarked in Ref. 10 , |ψ 2l−2+i |ψ 2l−1+i must be the ground state of H is not diagonal in the σ z basis, if |ψ 2l−2+i |ψ 2l−1+i has to be the ground state, each factor must be of the form |ψ l = cos ψ l |↑ + sin ψ l |↓ , with ψ l = 0, π/2. This, in turn, implies that in the factorized ground state the parity symmetry is broken and, therefore, looking for the condition on the parameters of the Hamiltonian leading to factorization of the ground state amounts to looking for the condition leading to the degeneracy of the even and odd lowest lying eigenstates, without invoking the vanishing of entanglement indicators.
12
There are three different physical scenarios to be considered: (i) both J 1 and J 2 are negative (ferromagnetic case); (ii) both J 1 and J 2 are positive (antiferromagnetic case); (iii) J 1 > 0 and J 2 < 0 or vice versa (hybrid case). In any of these cases, factorization appears if and only if γ 1 /J 1 = γ 2 /J 2 = κ, i.e., only in the presence of perfect dimerization of the longitudinal part of H, the factorized point falls in h F = [(J 1 + J 2 ) /2] 1 − γ 2 , and
(i) In the ferromagnetic case, we find ψ 2l−1+i = ψ 2l−2+i . As expected, the factorized state is fully aligned along two possible directions:
(ii) In the second (antiferromagnetic) case, we find ψ 2l−1+i = −ψ 2l−2+i . Then, alternate directions for the spin determining a Neél-type ground state are observed:
(iii) If both ferromagnetic and antiferromagnetic factorized ground states are of the same kind of those obtained in the homogeneous XY chain, 10 the third (hybrid) case shows up an original character. Indeed, by assuming, for example, J 1 < 0 and J 2 > 0 we find the constrains ψ 2l−1 = ψ 2l and ψ 2l = −ψ 2l+1 . As a consequence, the factorized ground state assumes the structure
. Thus, we obtain an antiferromagnetic Neél-type ground state, whose unitary cell is represented by a pair of spins. An additional requirement for the existence of the FP in this case is that N/4 must be an integer number in order to avoid frustration effects. Now, we discuss the general exact solution of Hamiltonian (1) and enlighten the role played by the factorizing field. The diagonalization method is given in Ref. 18 . We discuss explicitly the finite-size limit.
14, 19 The first step is the introduction of the Jordan-Wigner transformation, mapping spins into spinless fermions,
where the parity operator is P = N l=1 1 − 2c † l c l . Since [H, P] = 0, all eigenstates of H have definite parity, and we can proceed to a separate diagonalization of H in the two subspaces corresponding to P = ±1. Then, the complete set of eigenvectors of H will be given by the odd eigenstates of H − = H 0 + H 1 and the even eigenstates of H + = H 0 − H 1 . Both for H + and H − the diagonalization can be performed through the division of the lattice in two sublattices: c 2l−1 = a l , and c 2l = b l , and with the help of two separate Fourier transforms a l = (N/2)
with
. We remark that the difference between H + and H − consists in the different set of allowed values of k. Finally, we introduce a generalized Bogoliubov transformation connecting a k , a † −k , b k , b † −k , and obtain two different kinds of quasiparticles,
where the eigenvalues, belonging to two branches separated by an energy gap, are, for
and Λ respectively, for h < h
(1)
and for h < h
us assume also, without loss of generality, h
C .
Due to the foregoing considerations, the ground state of H + is its vacuum, and the corresponding eigenvalue is
k |, while the ground-state structure depends on h. The ground state has two quasiparticles on modes k = 0, N/4 for h < h 
N/4 . In the thermodynamic limit, the sum over k becomes an integral, and the vacuum energies of H + and H − are identical:
and spontaneous symmetry breaking comes out. Outside this range, the ground state has definite parity, being the energy gap ∆E = 2Λ C . Thus, although phase transitions take place only for macroscopic systems, the change in the energy sign of quasiparticles can be used as precursive property, allowing one to characterize the transition before performing the thermodynamic limit.
As in the homogeneous chain, 5 in the presence of spontaneous symmetry breaking, two-body correlation functions can decrease monotonically or oscillate as a function of the spin distance depending on the Hamiltonian parameters. Recently, de Lima et al.
14 found different regions in the phase diagram separated by hypersurfaces (collapsing into lines when γ 1 /J 1 = γ 2 /J 2 ). We show that the first one of the separating lines corresponds to the factorizing field. Indeed, the different behavior of the correlation functions derives from different symmetrybreaking mechanisms. By analyzing lowest odd and even eigenvalues of H in the symmetry broken region for any finite N (Fig. 1) , we observe a series of N/2 intersection point h i . The existence of such points has been discussed for the homogeneous chain in Refs. 20 ,and 21 and is responsible for magnetization jumps of Ref. 22 . If γ 1 /J 1 = γ 2 /J 2 , the first crossing point (for decreasing fields) is at h = h F for any N . In fact, (1)
C } these two states are the lowest eigenstates of H. The dimensionless Hamiltonian parameters are J1 = 1, J2 = 0.4, γ1 = 0.42, γ2 = 0.168. These choice is compatible with the existence of the factorized ground state (hF = h * (2)), which is found to be around h = 0.63. The other relevant parameters are h 
C ≃ 0.69. The light gray line refers to a chain of 20 spins, the gray line corresponds to 24 spin, while for the black curve a chain of 28 spin has been used. In the inset we plot a detail of the bigger picture in the case N = 24 (light gray) and N = 28 (black) to enlighten the level crossing. As expected, we found N/2 intersection points for each curve.
gion limited by h
These critical values define the separating surfaces of Ref.
14 . It is worth noting that when a factorized field exists, h F = h * (2).
In the thermodynamic limit, this kind of structure implies two different symmetry breaking mechanisms. As one can deduce from the results of Fig. 1 , for h * (1) < h < h * (2), as N → ∞, the set {h i } of the degeneracy points becomes a denumerable infinity, i.e., an infinite number of crossing points appears and the two lower energies coincide, while for h
C there is the usual symmetry breaking due to the vanishing of the gap, i.e. the ground state has a definite parity for any finite N , but this difference goes to zero with 1/N . This is the microscopic mechanism responsible for dissimilar two-body correlation functions. Then, like in the homogeneous case, 5 as the factorizing field is reached, correlation functions change character.
To conclude, we extend the study of ground-state factorization to a larger class of XY Z dimerized long-range spin models: H = r H r , with
where J α r,i are the dimerized coupling constants between spin pairs at odd distance r. The existence of alternate coupling on even distances cannot be univocally introduced. However, we could consider homogeneous coupling for such distances. Notice that, assuming J α r,1 = J α r,2 for any r, we recover the class of models considered by Giampaolo et al. in Ref.
12 . For the sake of clarity, we will consider explicitly the case of a one-dimensional lattice, but the generalization to higher dimensions is straightforward.
Let us first note that, to circumvent frustration effects, (N/r) has to be an integer number for any value of r appearing in H. As already done for the short-range XY chain, we rewrite H r as a sum of two-body Hamiltonians, with
and h 1,r , h 2,r such that h = r (h 1,r + h 2,r ). The simplest case to study is the full ferromagnetic picture, where all coupling constants are negative. By following the same procedure introduced above, we proceed to calculate the ground-state energies for the two parity subspaces in each of two kinds of dimers (H (1) l,r and H (2) l,r ), and force symmetry breaking. The factorized ground state of each of such dimers amounts to be |Ψ
, The existence of a globally factorized ground state implies that the angle ψ (i) r must be the same for any of the dimers involving each site, i.e. it has to be independent both on r and i. This result is achieved by the following conditions: J as a factorized ground state. This implies J
